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The concept and some basic properties of a twisted Hopf algebra are introduced
and investigated. Its unique difference from a Hopf algebra is that the comultipli-
cation  : A A A is an algebra homomorphism, not for the componentwise
multiplication on A A, but for the twisted multiplication on A A given by
Lusztig’s rule.
Also, it is proved that any object A in Green’s category has a twisted Hopf
algebra structure, any morphism between objects is a twisted Hopf algebra homo-
Ž .morphism, the antipode s of A is self-adjoint under the Lusztig form , on A,
˙Ž .and the Green polynomials M t share a so-called cyclic-symmetry.a, b
As examples, the twisted RingelHall algebras, Ringel’s twisted composition
algebras, Lusztig’s free algebras F and non-degenerate algebras F, the positive part
U of the DrinfeldJimbo quantized enveloping algebras U, and Rosso’s quantum
Ž .shuffle algebra T V all are twisted Hopf algebras. The antipode and its inverse for
a twisted RingelHall are explicitly given, and all -primitive elements are deter -
mined.  2000 Academic Press
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1. INTRODUCTION
Ž  .Some basic properties for Ringel’s composition algebras see R3 and
 Ž .Lusztig’s algebras F and F associated with any datum I,  over any field
Ž  .K see L have been summarized by Green as axioms in the category
Ž . Ž  .L K, c, I,  see G1, G2 : roughly speaking, an object A belonging to
Ž .L K, c, I,  has an  I-graded K-algebra structure with generators in-0
dexed by I; a coassociative comultiplication  such that the generators are
-primitive elements and that  : A A A is an algebra homomor-
phism, where the algebra structure on A A is given by Lusztig’s rule;
Ž .and a symmetric bilinear form , on A with some special properties.
Ž .Some interesting and important properties for all algebras in L K, c, I, 
 have been derived in G1, G2 , for example, the existence of the polynomi-
Ž .als M t ! With these properties, Green has proved the famous algebraa, b
Ž .  Ž  .isomorphism C , d U see G1, G2, R3, R4, R5, R6 via Lusztig’s
 Ž  . Ž . isomorphism fU see L , where C , d and U are, respectively,
the twisted generic composition algebra and the positive part of the
Ž .DrinfeldJimbo quantized enveloping algebra U, both of type , d ,
where  is an arbitrary symmetrizable generalized Cartan matrix with
 symmetrization d, in Kac’s sense K .
Ž .Of course, one can define a counit  of A	 L K, c, I,  to be the
projection onto A 
 K. In this way, A becomes a -bialgebra in Ringel’s0
 sense R6 . However, it seems to be of interest that A has an antipode s
Ž .compatible with the bilinear form , on A. This is one of the main
motivations of this paper.
On the other hand, since a strong feature of a quantum group is its
Hopf algebra structure, and since all existing Hopf operations are not
 Ž  .closed inside U see, e.g., D, Jan, Jim, Jos, L , we naturally hope that
inside U there is a ‘‘nearly’’ Hopf algebra structure. A twisted Hopf
algebra structure as defined in 2.8 seems to be a natural candidate. The
unique difference between a twisted Hopf algebra and Hopf algebra is that
the comultiplication  : A A A is an algebra homomorphism, not for
the componentwise multiplication on A A, but for the twisted multipli-
cation on A A given by Lusztig’s rule. This idea of a twisted multiplica-
tion should not be considered a disadvantage. On the contrary, it can be
   used for any algebra and any coalgebra, as Lusztig L and Ringel R4, R6
did, and a twisted Hopf algebra shares some basic properties of a Hopf
algebra, which is worthy to be studied.
Ž .For any field K, a non-zero element c in K, and any datum I, 
  ,
the concept of a -Hopf algebra is introduced in Section 2. It turns out
that a -Hopf algebra is exactly a -bialgebra in Ringel’s sense and that
the antipode s of a -Hopf algebra A gives a graded algebra anti-isomor-
phism s: A A T and a graded coalgebra anti-isomorphism s: A  A, 
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where the algebra and coalgebra structure on A are given by twisted
rules; see Theorem 2.10. Moreover, any -Hopf algebra can be embedded
in a Hopf algebra; see Theorem A in the Appendix by the referee.
Ž .Now, any object A in Green’s category L K, c, I,  has a -Hopf
algebra structure. The antipode s of A turns out to be self-adjoint under
Ž .the bilinear form , on A, and a morphism between two objects turns
out to be a -Hopf algebra homomorphism, and all -primitive elements
are determined; see Theorem 4.4. By this self-adjointness of s under the
Ž .bilinear form , on A, it is proved that the Green polynomials
Ž .M t share a so-called cyclic-symmetry; see Theorem 4.7.a, b
Since a -Hopf algebra is just a -bialgebra, it follows that there are a
lot of examples available: the twisted RingelHall algebras, Ringel’s twisted
composition algebras, Lusztig’s free algebras F and non-degenerate alge-
bras F associated with any datum over any field K, and the positive part
U of the DrinfeldJimbo quantized enveloping algebras U.
Given any symmetrizable generalized Cartan matrix  with symmetriza-
Ž .  tion d or, equivalently, a Cartan datum I,  in Lusztig’s sense L , there is
Ž .a finite-dimensional hereditary algebra  of type I,  , over any finite
 12 Ž .field k, with  
 k . Consider the twisted RingelHall algebra H k
Ž . Ž .and Ringel’s twisted composition algebra C  as -Hopf algebras; here

  is just the symmetrization of the Ringel form. The explicit expres-
Ž . Ž .sions of the antipode s and its inverse of H  and C  can be easily
derived, by using Theorem A in the Appendix given by the referee and the
Ž .antipode of the ‘‘extended’’ twisted RingelHall algebra given by Xiao
  Ž .X ; see Lemma 3.3. Then it is proved that s of H  is self-adjoint under
Ž . Ž .the bilinear form , on H  ; see Theorem 3.5.
By using an observation of Sevenhant and Van den Bergh, all -primi-
Ž .tive elements of H  are determined, and then a sufficient and necessary
Ž . Ž .condition for C  
 H  is given; see Theorem 3.7.
Ž .Finally, we include some direct calculations in H  in Section 5.
2. TWISTED COALGEBRAS AND -HOPF ALGEBRAS
2.1. Throughout this section, let K be a field, let c be a non-zero
element in K, and let I be a set. Write  for  . Denote by  I the freeK
Ž .abelian group with I as basis. An element in  I is written as x
 xi i	 I
with x 	 , where x 
 0 for almost all i	 I. Denote by  I the subseti i 0
 Ž . 4x
 x 	  I  x 	 .i i	 I i 0
An  I-graded algebra A means an associative K-algebra with a direct0
decomposition of K-spaces A
 A with A 
 K, such that A Ax 0 x yx	 I0
 A .xy
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In the following, if a	 A , then x is called the degree of a and isx
 denoted by a 
 x.
  Ž .By definition R6, p. 206 , an  I-graded K-coalgebra A
 A,  ,  is0
a graded K-space A
 A with A 
 K, and with K-linear mapsx 0x	 I0
 : A A A and  : A K satisfying the following conditions:
Ž . Ž . Ž .i  is a coassociative comultiplication, i.e., id  
  id  ;
Ž . Ž .ii  is the projection onto A 
 K, i.e.,  A 
 0 for x 0 and0 x
Ž . 1 
 1;
Ž . Ž . Ž .iii  is a counit, i.e., id  
 id
  id  ;
Ž . Ž .iv  respects the grading, i.e.,  A  A  A .z x yxy
z
LEMMA 2.2. Let A be an  I-graded K-coalgebra. Then0
Ž . Ž .i  1 
 1 1.
Ž .ii For a	 A with d 0 we haed
 a 
 a 1 1 a a  a ,Ž . Ý x y
xy
d ; x , y0
where a 	 A , a 	 A .x x y y
Ž .In particular, we hae  a 
 a 1 1 a for a	 A , i	 I.i
Ž . Proof. Since  respects the grading, it follows that  1 
 1 a with
 Ž . Ž . Ž .Ž . a 	 A 
 K. Then 1
 id   1 
 id  1 a 
 a . For a	 A0 d
with d 0, since  respects the grading, it follows that we can write
 a 
 1 a a 1 a  a ,Ž . Ý x y
xy
d ; x , y0
   Ž .where a , a 	 A , a 	 A , and a 	 A . Since  A 
 0 for x 0, itd x x y y x
 Ž . Ž . Ž . Ž .follows that a
 id   a 
 a and a
  id  a 
 a .
Ž .2.3. Let  :  I  I  be a not necessarily symmetric bilinear
form. Define a new bilinear form  T:  I  I  by
 T x , y 
  y , x .Ž . Ž .
 Let A be an  I-graded algebra. Ringel R4 has introduced a new0
multiplication  on A: for a	 A , b	 A , definex y
ab
 c  Ž a  , b .ab. 2.1Ž .
Then there is a unique  I-graded, associative K-algebra structure on A0
with multiplication . Following Ringel, denote this new algebra by A ,
and denote the new multiplication map by m , if the original multiplica-
tion map of A is denoted by m.
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Ž .Dually, let A
 A,  ,  be an  I-graded coalgebra. Consider a new0
K-linear comultiplication  on A defined by
 a 
 c  Ž a1  , a2 . a  a 2.2Ž . Ž . Ž .Ý 1 2
Ž .for all a	 A, where  a 
Ýa  a is Sweedler’s notation with all1 2
factors a , a homogeneous. Note that this construction of  has been1 2 
  introduced by Lusztig for f and f in L, p. 6 .
Ž .LEMMA 2.4. Let A be an  I-graded coalgebra. Then A,  ,  is again0 
an  I-graded coalgebra, which is denoted by A .0 
Proof. Note that  respects the grading, since  does so. Since  is
the projection onto K and  is the counit of A, it is easy to see that  is
the counit of A .
It remains to check the coassociativity of  . For a	 A, by the coasso-
ciativity of  we can write
id   a 
  id  a 
 a  a  a ,Ž . Ž . Ž . Ž . Ý 1 2 3
with all factors being homogeneous. It follows that we can write
id   a 
 c a  a  a ,Ž .Ž . Ý  a , a , a 1 2 31 2 3
  id  a 
 c a  a  a ,Ž .Ž . Ý  a , a , a 1 2 31 2 3
where
c 
 c  Ž a1  ,  a2  a3 .c  Ž  a2  , a3 .a , a , a1 2 3

 c  Ž a1  ,  a2 . Ž a1  , a3 . Ž a2  , a3 .

 c  Ž a1  a2  , a3 .c  Ž  a1  , a2 .

 c ,a , a , a1 2 3
Ž .where we have used that  A  A  A . This completes the z x yxy
z
proof.
Ž .LEMMA 2.5. Let A
 A,  ,  be an  I-graded K-coalgebra, and let  :0
Ž . I  I  be a bilinear form. Then A
 A,  ,  is again an  I-  0
graded K-coalgebra, where the K-linear map  : A A A is defined by
 a 
 c Ž a1  , a2 . a  a 2.3Ž . Ž . Ž .Ý 2 1
Ž .for a	 A, where  a 
Ýa  a with all factors homogeneous.1 2
Proof. Note that  is exactly T , where T is the twisted map S, 
p. 49
T : A A A A , a b b a.
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Ž .Thus, the assertion follows from Lemma 2.4 and the fact that if A,  ,  is
Ž .an  I-graded coalgebra, then so is A, T ,  .0
2.6. For a bilinear form  :  I  I , consider the corresponding
Ž .2 Ž .2bilinear form  I   I  , again denoted by  , which is defined by
 x , x , y , y 
  x , y 2.4Ž . Ž . Ž .1 2 1 2 2 1
for x , x , y , y 	  I.1 2 1 2
Ž .2Let A be an  I-graded algebra. Then A A is an  I -graded0 0
Ž .algebra with componentwise multiplication, where A A 
 A  AŽ x, y . x y
Ž .2  Ž .2  for x, y	 I. Note that  I 
  I , and  I 
 I , where I is a0 0 0
    set with I 
 2 I . Thus, by applying 2.3 to the tensor algebra A A, we
Ž . Ž . Ž .2obtain the algebra A A . Thus, A A is an  I -graded, asso-  0
 ciative algebra with multiplication  given by Lusztig’s rule L, p. 3 ,
a  a  b  b 
 c  Ž a2  , b1 . a b  a b 2.5Ž . Ž . Ž . Ž .1 2 1 2 1 1 2 2
for homogeneous elements a , a , b , b 	 A. Note that here we do not1 2 1 2
assume that  is symmetric.
Ž .Dually, let A
 A,  ,  be an  I-graded coalgebra. Then A A is0
Ž .2 Ž .Ž .an  I -graded coalgebra with comultiplication id T id   ,0
again denoted by   if no confusion is caused, where T is the twisted
Ž . Ž .map. Thus, if  a 
Ýa  a and  b 
Ýb  b , then1 2 1 2
  a b 
 a  b  a  b .Ž . Ž . Ý 1 1 2 2
Ž .2 ŽNow applying Lemma 2.4 we obtain the  I -graded coalgebra A0
. Ž Ž . .A 
 A A,   ,   with comultiplication 
  a b 
 c  Ž b1  ,  a2 . a  b  a  b , 2.6Ž . Ž . Ž . Ž . Ý 1 1 2 2
Ž . Ž .where  a 
Ýa  a and  b 
Ýb  b such that all a , a , b , b1 2 1 2 1 2 1 2
are homogeneous.
Ž .LEMMA 2.7. Let  be a bilinear form:  I  I . Let A
 A, m, e
Ž .be an  I-graded algebra and let A
 A,  ,  be an  I-graded coalgebra.0 0
Then
Ž .i  : A K is an algebra homomorphism.
Ž .ii e: K A is a coalgebra homomorphism.
Ž . Ž .iii  : A A A is an algebra homomorphism if and only if m:
Ž . ŽTA A  A is a coalgebra homomorphism, where the algebra on A
. Ž . Ž . Ž .TA and the coalgebra structure on A A are defined by 2.5 and 2.6 , 
respectiely.
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Ž .Proof. i is clear, since by definition  is the projection onto K
 A .0
Ž . Ž .By Lemma 2.2 we have  1 
 1 1; from this ii follows.
Ž . Ž .Since  A 
 0 for x 0 and  1 
 1, it follows that m
   .x
Ž . Ž .For any a, b	 A, let  a 
Ýa  a ,  b 
Ýb  b , with all factors1 2 1 2
Ž .homogeneous. Now,  : A A A is an algebra homomorphism if
Ž . Ž . Ž .and only if  ab 
  a  b , and if and only if
 ab 
 c  Ž a2  , b1 .a b  a bŽ . Ý 1 1 2 2

 c  T Ž b1  , a2 .a b  a bÝ 1 1 2 2

 mm   T a b ,Ž . Ž . Ž .
Ž . Twhich is exactly the claim that m: A A  A is a coalgebra homo-
morphism.
Now we introduce the notation of a twisted Hopf algebra.
 DEFINITION 2.8 R6, p. 207 . Let K, c, I be as in 2.1 and let  be an
arbitrary bilinear form:  I  I .
Ž . Ž .1 A K-module A is called a K, c, I,  -bialgebra, or simply, a
-bialgebra, provided that the following two conditions are satisfied:
R1. A
 A is an  I-graded, both K-algebra and K-x 0x	 I0
coalgebra in the sense of 2.1.
Denote the multiplication map of A by m, the unit map by e, the
comultiplication of A by  , and the counit by  .
Ž .R2.  : A A A is an algebra homomorphism
Ž . Ž . Ž . Ž2 A K, c, I,  -bialgebra A
 A, m, e,  ,  is called a K, c, I,
. -Hopf algebra or, simply, a -Hopf algebra, provided that the following
condition is satisfied:
R3. There is a K-linear map s: A A such that
m id s 
 e
m s id  . 2.7Ž . Ž . Ž .
The map s is called an antipode of A.
 2.9. The notion of a -bialgebra has been introduced by Ringel in R6 ,
Ž .in a more general situation than 2.8. Notice that saying A
 A, m, e,  , 
Ž . Ž 1 .is a K, c, I,  -bialgebra is equivalent to saying it is a K, c , I, -bial-
gebra.
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Ž . Ž .Let A
 A, m, e , and let C
 C,  ,  be a K-algebra and a K-coal-
Ž .gebra, respectively. Recall that the convolution product  in Hom C, AK
is defined by
f  g x 
m f g  xŽ . Ž . Ž . Ž .
Ž . Ž .for f , g	Hom C, A , x	 C. Then Hom C, A becomes an associativeK K
 K-algebra with unit e , with the multiplication ; see S, p. 69 .
Ž .Thus, for a -bialgebra A, m, e,  ,  , the condition R3 is equivalent to
the following:
R3. There is a K-linear map s: A A such that in the convolution
Ž .algebra Hom A, A there holdsK
s id
 id s
 e . 2.8Ž .
Thus, a -Hopf algebra has a unique antipode.
The main result of this section is as follows.
Ž . Ž .THEOREM 2.10. Let A
 A, m, e,  ,  be a K, c, I,  -bialgebra. Then
we hae
Ž .i There is a unique -Hopf algebra structure on A, with antipode
denoted by s.
Ž .ii s: A A is an  I-graded map.0
Ž . Tiii s: A A is an algebra anti-homomorphism.
Ž .iv s: A  A is a coalgebra anti-homomorphism.
Ž . Ž . Ž T .T Tv A
 A, m, e,  ,  is a K, c, I, -Hopf algebra with an- 
tipode s1. In particular, s is inertible.
Ž .Proof. i This has been proved by Zelevinsky in different terminology;
 see Z, p. 152, Proposition A1.6 . We include here a more direct proof.
Let A
 A . Define a K-linear map s : A A inductively:x rx	 I0
Ž .define s 1 
 1; for a	 A with d 0, by Lemma 2.2 we haver d
 a 
 a 1 1 a a  a ,Ž . Ý x y
xy
d ; x , y0
 Žwhere a 	 A , a 	 A . Since x, y d the partial order of  I usedx x y y 0
. Ž  .here is componentwise , it follows from induction that s a has been wellr y
defined, and then define
s a 
a a s a .Ž . Ž .Ýr x r y
xy
d ; x , y0
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Ž .In this way, we have m id s 
 e , which means that s is a rightr r
Ž .inverse of id in the algebra Hom A, A with multiplication given byK
convolution . Similarly, one gets a left inverse s of id. It follows thatl
s 
 s 
 s is the inverse of id; i.e., s is the antipode of A.r l
Ž . Ž .ii By the inductive construction of s in i , one sees that s is an
 I-graded map.0
Ž . Ž . Ž . Ž . Ž .iii Since s 1 
 1, it remains to prove s ab 
 s b  s a for a, b	
Ž .TA or, equivalently, sm
m s s T , where T is the twisted map. Since
Ž . ŽŽ . .Te   is the unit of the convolution algebra Hom A A , A , itK 
Ž . Ž ŽTfollows that it suffices to prove that there holds sm  m
m m s
. . Ž . ŽŽ . .T s T 
 e   in the convolution algebra Hom A A , A .K 
Ž . Ž .Let a, b	 A be homogeneous,  a 
Ýa  a , and  b 
Ýb  b1 2 1 2
Ž . Ž .with all factors homogeneous. Then by R2 and 2.5 we have  ab 

 Ž a2  , b1 .Ž . Ž .Ýc a b  a b , and by 2.6 there holds the following:1 1 2 2
sm  m a b 
m smm   T a bŽ . Ž . Ž . Ž . Ž .Ž . 

 c  T Ž b1  , a2 .s a b a bŽ .Ý 1 1 2 2

m s id  abŽ . Ž .

  ab 
 e   a b .Ž . Ž . Ž .Ž .
On the other hand, we have
m m T s s T a bŽ . Ž .Ž .Ž .

m mm T s s T   T a bŽ . Ž . Ž .Ž . 

 c  T Ž b1  , a2 .m mm T s s T a  b  a  bŽ . Ž .Ž .Ý  1 1 2 2

 c  Ž a2  , b1 .a b m T s b  s aŽ . Ž .Ž .Ý 1 1  2 2

 c  Ž a2  , b1 . T Ž b2  , a2 .a b s b s aŽ . Ž .Ý 1 1 2 2

 c  Ž a2  , b .a b s b s aŽ . Ž .Ý 1 1 2 2

 c  Ž a2  , b .a s a  b .Ž . Ž .Ý 1 2
Ž .It follows that if b A , then  b 
 0, and hence0
m m T s s T a b 
 0
 e   a b ,Ž . Ž . Ž . Ž .Ž .Ž .Ž .
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Ž    .and if b	 A , then  a , b 
 0, and hence0 2
m m T s s T a b 
 a s a  b 
m id s  a  bŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . ÝŽ . 1 2

  a  b 
 e   a b .Ž . Ž . Ž . Ž .Ž .
Ž .This proves iii .
Ž . Ž . Ž . Ž . Ž .iv Since s A  A , s 1 
 1,  A 
 0 for x 0, and  1 
 1,x x x
Ž .it follows from ii that  s
  .
Ž . Ž .It remains to prove that  s
 T s s  . Note that e e  is the map
Ž .Ž . Ž . Ž . Ž .which takes a	 A to  a 1 1 
  a  1
 1  a . Since e e 
Ž Ž . .is the unit of the convolution algebra Hom A, A A , it follows thatK 
Ž . Ž Ž . . Ž .it suffices to prove  s  
   T s s  
 e e  in the convo-
Ž Ž . .lution algebra Hom A, A A . Let a be a homogeneous element inK 
Ž .A. Since  is an algebra homomorphism from A to A A , it follows
that
 s   a 
  s a  aŽ . Ž . Ž . Ž .Ž . Ý 1 2

  s a a 
 m s id  aŽ . Ž . Ž .Ž .Ý 1 2

  a 
  a 1 1Ž . Ž . Ž .

 e e  a .Ž . Ž .
Ž . Ž . Ž .Let  a 
Ýa  ,  a 
Ýa  a , and  a 
Ýa  a with1 2 1 11 12 2 21 22
all factors homogeneous. Then
                 a  a 
 a , a  a 
 a , a  a 
 a ,11 12 1 21 22 2 1 2
and we have
  T s s  a 
 c  Ž a21  , a22 . a  a  s a  s aŽ . Ž . Ž . Ž . Ž .Ž .Ž . ÝŽ . 11 12 22 21

 c  Ž a21  , a22 . Ž a12  , a22 .a s a  a s a .Ž . Ž .Ý 11 22 12 21
On the other hand, by using the coassociativity of  , we have
  
 id  id id   ,Ž . Ž . Ž .
and hence we have
a  a  a  a 
 a  a  a  a , 2.9Ž .Ý Ý11 12 21 22 1 211 212 22
Ž .where  a 
Ýa  a with all factors homogeneous.21 211 212
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Now define a K-linear map L: A A A A A A A A by
L a  a  a  a 
 c  Ž a2  a3  , a4 . a  a  a  aŽ . Ž .1 2 3 4 1 2 3 4
for all a , a , a , a homogeneous.1 2 3 4
Ž .Ž .Ž .ŽBy applying the K-linear map O
 m id id T idm id id
. Ž .id s s L to both sides of 2.9 , and applying R3, we get
c  Ž a12  a21  , a22 .a s a  a s aŽ . Ž .Ý 11 22 12 21

 c  Ž a211  a212  , a22 .a s a  a s aŽ . Ž .Ý 1 22 211 212

 c  Ž a21  , a22 .a s a  a s aŽ . Ž .Ý 1 22 211 212

 c  Ž a2  a22  , a22 .a s a  a s aŽ . Ž .Ý 1 22 211 212

 c  Ž a2  a22  , a22 .a s a   aŽ . Ž .Ý 1 22 21

 c  Ž a2  a22  , a22 .a s  a a  1.Ž .Ž .Ý 1 21 22
We claim that
c  Ž a2  a22  , a22 .a s  a a  1
 a s  a a  1.Ž . Ž .Ž . Ž .1 21 22 1 21 22
  Ž .In fact, if a  0, then  a 
 0, and hence the both sides are 0; if21 21
     a 
 0, then a  a 
 0, and hence the claim follows.21 2 22
In this way, we see that
c  Ž  a12  a21  , a22 .a s a  a s aŽ . Ž .Ý 11 22 12 21

 c  Ž a2  a22  , a22 .a s  a a  1Ž .Ž .Ý 2 21 22

 a s  a a  1Ž .Ž .Ý 1 21 22

 a s a  1Ž .Ý 1 2

  a  1Ž .

 e e  a ,Ž . Ž .
where we have used R3 and the counit property.
Ž . Ž Ž . .Altogether, we have proved that  s  
   T s s  .
Ž . Ž .T Tv By Lemma 2.5, A
 A,  ,  is a K-coalgebra. In order to 
Ž . Ž T .T Tprove that A
 A, m, e,  ,  is a K, c, I, -bialgebra, it suffices 
Ž . Ž . Ž .T T Tto prove  ab 
  a   b for all a, b	 A, where  denotes the  
Ž . Tmultiplication in A A . This is straightforward by using the fact that
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Ž . Ž . : A A A is an algebra homomorphism. It follows from i that
Ž . Ž T .T TA
 A, m, e,  ,  is a K, c, I, -Hopf algebra, say, with an- 
tipode s.
 Ž . Ž .For a	 A , use induction on d to prove that s s a 
 ss a 
 a. This isd
Ž .clear for a	 A . By Lemma 2.2 we have  a 
 a 1 1 a0
  Ž .Ý c  c with c 	 A , c 	 A . Then by 2.3 we havexy
d; x, y 0 x y x x y y
T a 
 a 1 1 a c Ž y , x .c  c .Ž . Ý y x
xy
d ; x , y0
Ž . Ž . Ž . Ž  . Ž . Ž .TBy using m id s  a 
 e a 
 0 and m id s  a 




a c s c ,Ž . Ž .Ý x y
xy
d ; x , y0
s a 
a c Ž y , x .c s c .Ž . Ž .Ý y x
xy
d ; x , y0
Ž . By iii , s : A A is an algebra anti-homomorphism; it follows from
induction that
ss a 
s a  ss c  s cŽ . Ž . Ž . Ž .Ý y x
xy
d ; x , y0

 a c Ž y , x .c s c  c Ž y , x .c s cŽ . Ž .Ý Ýy x y x
xy
d ; x , y0 xy
d ; x , y0

 a.
Ž .Dually, we have ss a 
 a.
This completes the proof.
In general, it is not always easy to verify a given map s: A A is the
Ž .antipode for a -bialgebra A, but it should be simpler to check 2.7 only
on generators of A. Thus, it is convenient to have the following
LEMMA 2.11. Let A be a -bialgebra and let s: A A T be an I-graded 0
algebra anti-homomorphism. Assume that A is generated as an algebra by a
Ž .subset X consisting of homogeneous elements of A, such that 2.7 holds for
all a	 X. Then s is the antipode of -Hopf algebra A.
Ž . Ž . Ž .Proof. By assumption, it suffices to prove that if m id s  a 
  a
Ž . Ž . Ž . Ž . Ž . Ž .and m id s  b 
  b , then m id s  ab 
  ab , where a, b are
homogeneous elements in A.
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Ž . Ž .Let  a 
Ýa  a and  b 
Ýb  b with all factors homoge-1 2 1 2
Ž .neous. Then by R2 and 2.5 we have
 ab 
 c  Ž a2  , b1 .a b  a b ,Ž . Ý 1 1 2 2
and hence
m id s  ab 
 c  Ž  a2  , b1 .a b s a bŽ . Ž . Ž .Ý 1 1 2 2

 c  Ž  a2  , b1 . T Ž b2  , a2 .a b s b s aŽ . Ž .Ý 1 1 2 2

 c  Ž  a2  , b .a b s b s aŽ . Ž .Ý 1 1 2 2

 c  Ž  a2  , b .a s a  b .Ž . Ž .Ý 1 2
Ž . Ž . Ž . Ž .It follows that if b A , then  b 
 0 and m id s  ab 
 0
  ab ,0
and if b	 A , then0
m id s  ab 
 a s a  b 
m id s  a  bŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ý 1 2

  a  b 
  ab .Ž . Ž . Ž .
 EXAMPLE 2.12 L, p. 2 . Let K, c, I,  be as in 2.8. Consider Lusztig’s
algebra F, which is by definition the free k-algebra with generators  ,i
i	 I. Then F is an  I-graded algebra with F
 F , where for0 xx	 I0Ž . x
 x 	 I, F is the K-space with basis the monomials  , . . . ,  ,i i	 I 0 x i i1 l
where l
Ý x , such that for any i	 I, the number of occurrences of ii	 I i
in the sequence i , . . . , i is equal to x . In particular, F 
 K. Let  :1 l i 0
 Ž  . Ž .F F F be the unique algebra homomorphism such that   
  i i
 1 1  , i	 I, and  : F K be the unique algebra homomorphismi
Ž . Ž . such that  1 
 1,   
 0. Then F is a -bialgebra and hence ai
Ž .   T-Hopf algebra by Theorem 2.10 i . Let s: F F be the unique algebra
Ž . Ž .anti-homomorphism such that s 1 
 1 and s  
 for all i	 I. Iti i
follows from Lemma 2.11 that s is the antipode of the -Hopf algebra F.
 EXAMPLE 2.13. In his study of quantum shuffle algebras, Rosso M has
 given a class of twisted bialgebras. In Ro, Proposition 12 Rosso defines a
Ž .twisted bialgebra structure on the tensor space T V with algebra genera-
Ž . Ž .tors  i	 I Rosso uses different notation satisfying the relationi
Ž .  
 q   , where q are arbitrary non-zero elements of K, and T Vi j i j j i i j
Ž .  Ž i, j.T V has a multiplication rule as Lusztig’s, with q replacing c ini j
Ž .2.5 in 2.6.
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Remark 2.14. We are grateful to the following observation by the
referee: Note that any -Hopf algebra A can be embedded in an ‘‘un-
twisted’’ Hopf algebra T A, where T is the group algebra over K of the
additive group  I, and T A is a ‘‘twisted product’’ of T and A. This
Ž .twist is so designed that it ‘‘cancels’’ the twist in A A , with the result
that T A is a Hopf algebra in the usual sense. This construction of Hopf
 algebra T A in special cases has been used by Lusztig L, p. 19 for the
 algebra f and by Xiao X, p. 122 for the RingelHall algebra, and it also
works in general; see the Appendix at the end of this paper by the referee.
3. -HOPF ALGEBRA STRUCTURE ON TWISTED
RINGEL ALGEBRAS
The aim of this section is to study the properties of a twisted RingelHall
algebra and Ringel’s composition algebra, from the point of view of a
-Hopf algebra structure.
3.1. We briefly recall some basic points on the twisted RingelHall
algebras and Ringel’s composition algebras.
  'Let k be a finite field with k 
 q . Set  
 q . Let  be ak k k
Ž .finite-dimensional, hereditary k-algebra with all simple -modules S 1 ,
Ž .. . . , S n , up to isomorphism. Denote by -mod the category of finite-di-
mensional left -modules, which is exactly the category of -modules with
Ž .finitely many elements. The Grothendieck group K  of all finite0
-modules modulo short exact sequences can be identified with n, such
Ž .that the image of S i in it is the ith coordinate vector. For M	-mod,
  Ž .denote its isoclass by M and its image in K  by dim M which is called0
the dimension vector of M. Let P denote the set of isoclasses of all
 4modules in -mod, P 
P 0 .1
Given M, N	-mod, let
² : 1M , N 
 dim Hom M , N  dim Ext M , N . 3.1Ž . Ž . Ž .k  k 
² :Since  is hereditary, the integer M, N depends only on the dimension
² :vectors dim M and dim N, not on M and N themselves. So  ,
induces a bilinear form on n, which will be called the Ringel form.
Ž .Denote its symmetrization by , . Thus,
² : ² :M , N 
 M , N  N , M . 3.2Ž . Ž .
Given M, N , . . . , N 	-mod, let g M be the number of filtrations1 t N , . . . , N1 t
M
M M   M 
 00 1 t
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of M such that M M N for 1 i t. In particular, g M 
 1 ifi1 i i N
MN and g M 
 0 of MN.N
Ž  . Ž .By definition see R4 the twisted RingelHall algebra H  of  is
Ž . Ž .the   -space with basis P and a   -bilinear multiplication given byk k
    ² M , N : L  M N 
  g L . 3.3Ž .Ý k M , N
 L 	P
Ž . n Ž .  Then H  is an  -graded, associative   -algebra with unit 0 ,0 k
n Ž . Ž .   4where for x	 , H  is the   -space with basis M  dim M
 x .0 x k
Ž . Ž .In particular, H  
  .0 k
Ž .Note that here we use the twisted multiplication for H  ; for the
  Ž .original one see R2, M but for discrete valuation rings .
Let a denote the order of automorphism group of -module M.M
Ž . Ž . Ž . Ž . Ž  .Define the   -linear map  : H   H   H  by see G1k
a aM N² M , N : L      L 
  g M  N . 3.4Ž .Ž . Ž .Ý k M , NaL   M , N 	P
Ž . Ž . Ž . Ž  .Define the   -linear map  : H    by see R6k k
   1, M 
 0  M 
 3.5Ž .Ž . ½    0, M  0 .
Ž . ² :Set  to be the symmetrization , of the Ringel form  , ,
Ž . n and set I to be a set of n elements, where K  
  . Then by R6, p.0
212; G1, Theorem 1 and Theorem 2.10 we have
Ž . Ž . Ž Ž . . Ž Ž . .THEOREM RingelGreen . H  
 H  ,  ,  is a   ,  , I,  -k k
Ž Ž . .bialgebra and hence a   ,  , I,  -Hopf algebra with antipode s, wherek k
Ž . Ž .the multiplication on H   H  is gien by
          Ž N , M  .          M  N  M  N 
 M M  N N 3.6Ž .Ž . Ž . Ž .k
for M, N, M , N 	-mod.
Ž . Ž . n Ž .Moreoer, s: H   H  is an  -graded,   -algebra anti-isomor- 0 k
Ž .phism, where the multiplication on H  is gien by
    Ž M , N .    2² M , N :² N , M : L  M  N 
 M N 
  g L 3.7Ž .Ýk k M , N
 L 	P
    Ž . Ž . n Ž .for all M , N 	P, and s: H   H  is an  -graded,   -coal- 0 k
Ž .gebra anti-isomorphism, where the comultiplication on H  is gien by
a aM N2² M , N :² N , M : L      L 
  g M  N 3.8Ž .Ž . Ž .Ý k M , NaL   M , N 	P
 for all L 	P.
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  Ž .3.2. By definition R3, R5 , the composition algebra C  is the
Ž .  Ž . Ž .subalgebra of H  generated by S i , 1 i n. Thus, C  

Ž . n Ž . n Ž . C  is an  -graded algebra, where for x
 x 	 , C  isn x 0 i 0 xx	0
Ž .  Ž .  Ž .the   -space spanned by all monomials S i  S i with l
k 1 l
Ý x , such that the number of occurrences of i in the sequence1 i n i
Ž Ž ..  Ž .  Ž .i , . . . , i equals x for 1 i n. Since  S i 
 S i  1 1 S i ,1 l i
Ž .it follows that C  is also a -bialgebra. Since s is an algebra anti-iso-
Ž Ž ..  Ž . Ž Ž .. Ž .morphism with s S i 
 S i , it follows that s C  
C  . Thus
we have
Ž .COROLLARY. The composition algebra C  is a -Hopf subalgebra of
Ž .H  with inertible antipode s. The assertions in Theorem 3.1 also hold for
Ž .C  . In particular, we hae
ŽSŽ i. , SŽ j..s S i S j 
 S j S i 3.9Ž . Ž . Ž . Ž . Ž .Ž . k
for all 1 i, j n.
Ž . Ž .  LEMMA 3.3. The antipode s of H  is gien by s 0 
 0 , and for
 M 	P by1
t s M 
 1Ž .Ž . Ý Ý
  t1L 	P1
a  aN N1 t2Ý ² N , N : M Li j i j    g g L ,Ý k N , . . . , N N , . . . , N1 t 1 taM   N , . . . , N 	P1 t 1
3.10Ž .
1 1Ž .    with the inerse s gien by s 0 
 0 , and for M 	P by1
t1  s M 
 1Ž .Ž . Ý Ý
  t1L 	P1
a  aN N1 t M L   g g L . 3.11Ž .Ý N , . . . , N N , . . . , Nt 1 1 taM   N , . . . , N 	P1 t 1
Ž . Ž Ž . .Proof. We have seen that H  is a   ,  , I,  -Hopf algebra,k k
Ž .with antipode s. From the ‘‘extended’’ twisted RingelHall algebra in the
  sense of X , which is a Hopf algebra with antipode, say s . By Theorem A
in the Appendix by the referee we have the relation between s and s, and
 Ž . then the formulae follow from X, Theorem 4.5 c , p. 123 .
  Ž . Ž3.4. Green G1 has also introduced a   -valued or -valued,k
.where  is the field of real numbers , positive-definite, symmetric, bilinear
Ž . Ž . Ž . Ž . Ž .form , on H  . Let M, N	-mod. Then , : H   H 
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Ž . Ž .  is the   -bilinear form defined as follows:k k
  M
   , M 
 N a   M , N 
 3.12Ž .Ž . M    0, M  N .
Ž .Here, we use Ringel’s modification on the values of , such that it
 coincides with Lusztig’s form on f; see R6 . Note that we will use 
Ž . Ž .instead of   , if the Euclidean space H  is emphasized.k x
Ž . Ž .One can distinguish the form , on H  defined above from the
Ž .symmetrization , of the Ringel form in context.
Ž .Note that the comultiplication  of H  is adjoint to the multiplication
Ž . Ž .under the bilinear form , on H  , i.e.,
a, bc 
  a , b c 3.13Ž . Ž . Ž .Ž .
Ž . Ž . Ž . Ž .for a, b, c	 H  , where the form , on H   H  is defined by
a  a , b  b 
 a , b a , bŽ . Ž . Ž .1 2 1 2 1 1 2 2
Ž .for all a , a , b , b 	 H  .1 2 1 2
Ž .The following theorem shows that the antipode s of H  is self-adjoint
Ž . Ž .under the bilinear form , on H  .
Ž . Ž .THEOREM 3.5. Let , be the bilinear form on H  . Then for all
Ž .a, b	 H  we hae
s a , b 
 a, s b . 3.14Ž . Ž . Ž .Ž . Ž .
Ž . Ž Ž . Ž . .Proof. Since , respects the grading, i.e., H  , H  
 0 forx y
x y, and s preserves the grading, it follows that it suffices to consider the
   case a
 M , b
 N with dim M
 dim N 0. By Lemma 3.3 we have
t 2Ý ² N , N :i j i j   s M , N 
 1 Ž .Ž .Ž . Ý Ý Ý k
  t1    L 	P N , . . . , N 	P1 t1 1
a  aN N1 t M L     g g L , NŽ .N , . . . , N N , . . . , N1 t 1 taM
t 2Ý ² N , N :i j i j
 1 Ž .Ý Ý k
t1    N , . . . , N 	P1 t 1
 a  a NN N1 t M N g gN , . . . , N N , . . . , N1 t 1 ta aM N
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and
t 2Ý ² N , N :i j i j   M , s N 
 1 Ž .Ž .Ž . Ý Ý k
t1    N , . . . , N 	P1 t 1
 a  a MN N1 t N M g g .N , . . . , N N , . . . , N1 t 1 ta aN M
   Then the assertion follows from M 
 N , since dim M
 dim N.
3.6. Let 0 x	n. Denote by0
A 
 H  H   H  .Ž . Ž . Ž .yÝ z xx
yz
x ; y , z0
Ž . Ž .Since the bilinear form , on H  is positive definite and every
Ž .homogeneous component H  is finite dimensional, we have the orthog-x
Ž .onal complement B of A in H  , i.e.,x x x
A , B 
 0, A  B 
 H  .Ž . Ž . xx x x x
Ž .Choose an orthogonal basis of B , and denote by  the union ofx i i	 I
these bases over 0 x	n. The following observation is due to Seven-0
 hant and Van den Bergh SV
Ž .LEMMA. With the notations as aboe,  is a set of homogeneousi i	 I
Ž . Ž .generators of H  , and eery  is -primitie, i.e.,   
 1     1.i i i i
Ž .Proof. It is clear by construction and induction that  is a set ofi i	 I
Ž .generators of H  . For the convenience of the reader, we quoted the
 following argument from SV .
Ž . Ž .Choose a homogeneous orthogonal basis f for H  , and assumej j	 J
Ž . Ž .that   f . Writei i	 I j j	 J
  
 c f  fŽ . Ýi j , l j l
j, l
Ž .for c 	. Then by 3.13 we havej, l
 , f f 
 c f , f f , f 
 c .Ž . Ž .Ž .Ýi m t j , l j m l t mt
j, l
Ž .Thus, if  and f f are in different homogeneous components of H  ,i m t
then c 
 0; and if  and f f are in the same homogeneous componentmt i m t
Ž . Ž .H  , then by the definition of  we also have c 
 0, unlessx i i	 I mt
f 
 1 and f 
  , or f 
 1 and f 
  . This completes the proof.m t i t m i
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THEOREM 3.7. Keep the notations in 3.6. Then we hae
Ž . Ž .i The set of -primitie elements of H  is exactly
B ; x
nx	0
Ž . Ž .i.e.,  is a basis of the space of -primitie elements of H  .i i	 I
Ž . Ž . Ž . Ž .ii C  
 H  if and only if the set of -primitie elements of H 
 Ž .is exactly the space with S i , 1 i n, as a basis.
Ž . Ž .nProof. i Let a
Ý a be a -primitive element of H  withx	 x0
Ž .0 a 	 H  . By Lemma 3.6 it suffices to prove the a 	 B .x x x x
First, we claim that all homogeneous components a are -primitivex
Ž .elements. In fact, by Lemma 2.2 we have  a 
 a  1 1 a x x x
 Ž .  Ž .Ý a  a , where a 	 H  , a 	 H  , and henceyz
x ; y, z 0 x, y x, z x, y y x, z z
we have
1 a  a  1 
 1 a a 1Ž .Ý x x
x

  a 
  aŽ . Ž .Ý x
x

 1 a  a  1 a  a ,Ý Ýx x x , y x , zž /
x yz
x ; y , z0
and hence the claim follows by comparing the homogeneous components
Ž .of degree y, z .
Now, assume that some a  B . Then a 
 b  a with b 	 B andx x x x x x x
0 a 	 A , and hence a is also a -primitive element. By definition ofx x x
A we can write a 
Ý b b with b 	 A , b 	 A . Then byx x yz
x ; y, z 0 y z y y z z
Ž .3.13 we obtain the contradiction
0 a , aŽ .x x

 a , b bŽ .Ý x y z
yz
x ; y , z0

 1 a  a  1, b  bŽ .Ý x x y z
yz
x ; y , z0

 0.
Ž .This proves i .
Ž . Ž . Ž . Ž . Ž .ii Note that C  
 H  if and only if C  
 H  for allx x
n Ž . Ž . Ž . Ž .x	 . Since C  
Ý C  C  for x dim S i , 1 i0 x yz
x y, z 0 y z
Ž . Ž . Ž . n, it follows that C  
 H  if and only if B 
 0 for x dim S i ,x
Ž . Ž .1 i n, and by i if and only if the set of -primitive elements of H 
 Ž .is exactly the spaces with S i , 1 i n, as a basis.
Ž . Ž .  For more information on comparing C  and H  see R5, Z3 .
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4. GREEN’S CATEGORIES AND POLYNOMIALS
4.1. Throughout this section, let K be a field, let c be a non-zero
Ž . Ž .element in K, and let I,  be a datum. Recall that a pair I,  is called a
datum if I is a set and  :  I  I  is a symmetric, bilinear form.
 In his papers G1, G2 , Green has introduced the following interesting
Ž .category L K, c, I,  , the aim of this section is to give some more
properties of this category.
  Ž .By definition G1, G2 , an object L in the category L K, c, I,  is a
K-algebra satisfying the following properties:
L1. L
 L with L 
 K is an  I-graded, associative K-al-x 0 0x	 I0
gebra generated by elements u 	 L , i	 I. We call u , i	 I, the genera-i i i
tors of L.
Ž .L2. There is an algebra homomorphism  : L L L , where
Ž .the algebra structure on L L is given by Lusztig’s rule, i.e., the
Ž .formula 2.5 in 2.6 with 
 , such that all u are -primitive elements.i
Ž .L3. There is a symmetric bilinear form , : L L K such
that
Ž . Ž . Ž .i , respects the grading, i.e., L , L 
 0 for x yx y
in  I.0
Ž . Ž . Ž .ii 1, 1 
 1; u , u  0 for i	 I.i i
Ž .iii For a, b, c	 L there holds
a, bc 
  a , b cŽ . Ž .Ž .
Ž .where the bilinear form , on L L is defined by
a  a , b  b 
 a , b a , b .Ž . Ž . Ž .1 2 1 2 1 1 2 2
The bilinear form on L also will be called the Lusztig form.
 Ž .A morphism between objects L, L of L K, c, I,  is a K-algebra
homomorphism 	 : L L sending the generators u of L to the genera-i
tors u of L, i	 I.i
Ž .4.2. Notations. Let x
 x 	 I with length l
Ý x . Denotei i	 I 0 i	 I i
Ž . Ž . lby I x the set of all vectors a
 a , . . . , a 	 I with weight x, i.e., with1 l
the property
 4t  1 t l , a 
 i 
 x , i	 I.t i
Then
Ý x !Ž .i	 I i
I x 
 .Ž .
Ł x !i	 I i
ALGEBRAS AND GREEN’S CATEGORIES 733
Ž . Ž .Let L	 L K, c, I,  with generators u , i	 I. For a
 a , . . . , a 	i 1 l
Ž .I x , define
u  u , l 0a a1 lu 





 a , . . . , a 	 I x . 4.2Ž . Ž . Ž . Ž .l 1
Ž .LEMMA 4.3. Assume that L is a K, c, I,  -Hopf algebra with antipode s
Ž .and satisfies L1 with generators u , i	 I. Let x
 x 	 I with lengthi i i	 I 0
Ž . Ž .l, and a
 a , . . . , a 	 I x . Then1 l
s u 
  x u , 4.3Ž . Ž . Ž .a 
 Ža.
where
l Ý x x Ž i j2.Ý x Ž x 1. i i2i j , 	 I i j i	 I i i x 
 1 c , 4.4Ž . Ž . Ž .
Ž . Ž .and 
 a is as in 4.2 .
Ž .In particular, s u 
u , i	 I.i i
Proof. Set 
 . According to Theorem 2.10, the antipode s: L L
Ž .is an  I-graded algebra anti-homomorphism with s u 
u , where the0 i i
Ž .multiplication  of L is given by the rule 2.1 in 2.3. It follows that
l l Ý a aw t t ws u 
 1 u  u 
 1 c u  u 
  x u ,Ž . Ž . Ž . Ž .a a a a a 
 Ža.l 1 l 1
where by easy calculations we have
l Ý x x Ž i j2.Ý x Ž x 1. i i2i j , 	 I i j i	 I i i x 
 1 c ,Ž . Ž .
where the symmetry of  has been used.
Ž . Ž .Remark. By the formula 4.4 we see that  x depends only on
Ž .x	  I, not on a	 I x . This is no longer true if  is not symmetric. We
shall use this fact in the proof of Theorem 4.7 below, and this is the reason
for the assumption of the symmetry of  in this section.
The following theorem gives the main properties of an object in the
Ž .category L K, c, I,  which relates to its antipode s.
Ž .THEOREM 4.4. Let L be an object in L K, c, I,  . Then
Ž . Ž .i L becomes a K, c, I,  -Hopf algebra, where the counit  of L is
the projection onto L 
 K.0
Ž .ii The antipode s of L is self-adjoint under the symmetric bilinear
Ž .form , on L, i.e.,
s x , y 
 x , s y ,  x , y	 L. 4.5Ž . Ž . Ž .Ž . Ž .
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Ž .  Ž .iii Any morphism 	 between objects L, L 	 L K, c, I,  is a
Ž . Ž K, c, I,  -Hopf algebra homomorphism i.e., 	 : L L is simultaneously a
K-algebra homomorphism and a K-coalgebra homomorphism such that 	 s

  .s	 , where s is the antipode of L .
Ž .  Ž . 4iv Let I be the two-sided ideal a	 L  a, x 
 0,  x	 L of L.
Ž . Ž .Then s I 
 I, and LI	 L K, c, I,  with the antipode induced by s.
Ž . Ž .v Let  be the comultiplication of L. If the bilinear form , on
L is positie definite, then the set of -primitie elements is  L .ii	 I
Ž .Proof. i Let  be the K-map for L given in L2. Then  is coassocia-
Ž . Ž .tive, and then by L1 and L2 one sees that L
 L,  ,  is a K, c, I,  -
Ž .bialgebra, and hence from Theorem 2.10 i the assertion follows.
Ž . Ž .ii Since , respects the grading, and s is a graded map, it
Ž .suffices to prove 4.5 for x, y	 L being monomials. Use induction on .
It is clear for 
 0 and 
 i	 I. Assume that x
 x x, y
 y y with
Ž .   Ž  .all factors being monomials not in L 
 K. Let  x 
Ý x  x ,  x0 1 2

Ý x x . Then1 2
 x 
 c  x

2   x





 c  x

2   x









2  x x x x .Ž . Ý 1 1 2 2
Ž .By Theorem 2.10 iv we have
s x , y 
  s x , y yŽ . Ž .Ž . Ž .

 T s s  x , y yŽ . Ž .Ž .

 c  x

2   x









2  s x x  s x x , y yŽ . Ž .Ž .Ý 2 2 1 1

 c  x

2   x









2  s x x , y s x x , yŽ . Ž .Ž . Ž .Ý 2 2 1 1

 c  x

2   x









2  x x , s y x x , s yŽ . Ž .Ž . Ž .Ý 2 2 1 1

 c  x

2   x

1   y
   y  x x , s y x x , s yŽ . Ž .Ž . Ž .Ý 1 1 2 2

 c  x

2   x

1  x x x x , c  y
   y  s y  s yŽ . Ž .Ž .Ý 1 1 2 2

  x , c  y
   y  s y  s yŽ . Ž . Ž .Ž .

 x , s y y .Ž .Ž .
Ž .  Ž      . iii Let L 
 L , m , e ,  ,  , s with generators u , i	 I. We needi
  Ž . to prove  	
  ,  	
 	 	  , and 	 s
 s	 .
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Since 	 is a graded map, it follows that  	
  .
 Ž .Since both  	 and 	 	  are K-algebra homomorphisms from L to
Ž  .L  L , it suffices to check their values on the generators u , i	 I, i
which are clearly same.
Ž .  Ž . Ž .It remains to check 	 s u 
 s	 u for all a	 I  and all . Sincea a
Ž . 	 u 
 u , the assertion follows from Lemma 4.3.a a
Ž .  iv By the argument in L, 1.2.6 we see that LI also becomes a
Ž .K, c, I,  -bialgebra satisfying L1 and L3. Since s is invertible by Theorem
Ž . Ž . Ž .2.10 v , it follows from ii that s I 
 I, and hence s is also the antipode
of LI.
Ž . Ž .v Just repeat the proof of Theorem 3.7 i .
4.5. EXAMPLE. As in Example 2.12, we know that Lusztig’s algebra
 ² : Ž .F
 K I is a free, K, c, I,  -Hopf algebra, say, with antipode s. On the
  other hand, by the argument in L, Proposition 1.2.3 we see that F also
Ž .  Ž .satisfies L3. Then by Theorem 4.4 iv F
 FI	 L K, c, I,  with the
antipode induced by s.
The following lemma due to Green gives a common property of the
Ž .  Ž .algebras in Green’s class with datum I,  , see G1, Proposition 3.2 a ; G2,
Proposition 2.3 .
Ž . Ž . Ž .LEMMA 4.6 Green . Let I,  be a datum, let x
 x 	 I, andi i	 I 0
Ž . Ž .  1 let a, b	 I x . Then there exists a Laurent polynomial M t 	  t, ta, b
with t an indeterminate such that for any K, c as in 4.1 and for any
Ž .L	 L K, c, I,  with generators u , i	 I, there holdsi
u , u 
M c B L 4.6Ž . Ž . Ž . Ž .a b a , b x
with
x iB L 
 u , u .Ž . Ž .Łx i i
i	I
Ž .The polynomials M t will be called the Green polynomials. One ofa, b
the advantages of the Green polynomials is that they depend only on the
Ž . Ž .datum I,  , but not on K, c, nor on L; and also the bilinear form ,
Ž . Ž .on L	 L K, c, I,  depends only on the values u , u , i	 I, not on K,i i
Ž . Ž . Ž .nor on c. Of course, M t is symmetric, i.e., M t 
M t .a, b a, b b, a
The following result implies that Green’s polynomials enjoy some
cyclic-symmetry.
Ž . Ž .THEOREM 4.7. Let I,  be an arbitrary datum. Let x
 x 	 I,i i	 I 0
Ž .and a, b	 I x . Then
M t 
M t . 4.7Ž . Ž . Ž .
 Ža. , b a , 
 Žb.
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Proof. Choose K to the field of real numbers. Consider the corre-
Ž . Ž .sponding Lusztig algebra F in L K, c, I,  . Since both a, b	 I x , it
Ž . Ž . Ž . Ž .follows from Lemma 4.3 that s  
  x  and s  
  x  , anda 
 Ža. b 
 Žb.
Ž .hence by Theorem 4.4 ii we have
 x  ,  
 s  ,  
  , s  
  x  ,  ,Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .
 Ža. b a b a b a 
 Žb.
Ž . Ž .and hence  ,  
  ,  . It follows from Lemma 4.6 that
 Ža. b a 
 Žb.
M c B F 
  ,  
  ,  
M c B F ;Ž . Ž . Ž . Ž .Ž . Ž .
 Ža. , b x 
 Ža. b a 
 Žb. a , 
 Žb. x
Ž . Ž .thus M c 
M c for all non-zero real numbers c. It follows
 Ža., b a, 
 Žb.
Ž .that 4.7 holds.
  Ž .By G2, Proposition 2.5 and Theorem 4.4 iii we have
 Ž .LEMMA 4.8. Any two non-degenerate members L and L in L K, c, I, 
Ž .are isomorphic as K, c, I,  -Hopf algebras by sending the generators u of Li
to the generators u of L, i	 I.i
Ž .Assume that I,  is a Cartan datum in Lusztig’s sense; i.e., I is a finite
i  iset, and  is a symmetric bilinear form on  I such that is a positive2
i  jinteger for any i	 I, and that 2 is a non-positive integer for any i ji  i
in I.
 Notice that for any finite field with k 
 q , there exists a finitek
Ž .dimensional hereditary k-algebra  of type I,  ; i.e., the symmetrization
Ž . Ž Ž . Ž .., of the Ringel form of  is exactly , namely, S i , S j 
 i  j for
Ž . Ž Ž . .i	 I. Set  
 q . Then C  	 L   ,  , I,  .'k k k k
Ž . Ž .Consider the Lusztig algebra F associated with I,  over   . Thek
following isomorphism  can be regarded as the non-generic case of the
 RingelGreen isomorphism described in G1, Theorem 3 .
Ž Ž . .COROLLARY 4.9. There is a unique   ,  , I,  -Hopf algebra isomor-k k
phism
 : C   F 4.8Ž . Ž .
Ž Ž .. Ž .with  S i 
  , i	 I. Denote the bilinear forms on C  and on F byi
Ž . Ž ., and , , respectiely. Then we hae1 2
 a , b 
 a, b , a, b	C  . 4.9Ž . Ž . Ž . Ž . Ž .Ž . 12
Ž .Proof. Since both C  and F are non-degenerate objects in
Ž Ž . .L   ,  , I,  , it follows from Lemma 4.8 that there is a uniquek k
Ž Ž . . Ž . Ž Ž ..  ,  , I,  -Hopf algebra isomorphism  : C   F with  S i 
k k
Ž . , i	 I. In order to see the formula 4.9 , by Lemma 4.6 one only needs toi
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observe the fact that
 i ik
S i , S i 
 
  ,  , i	 I.Ž . Ž . Ž .Ž . i i1 2i i  1k
Ž . Ž .4.10. Let   be the functional field with indeterminate  . Let I, 
be a Cartan datum, and let U be the DrinfeldJimbo quantized envelop-
Ž .  ing algebra of type I,  with positive part U . By definition U is the
Ž .  -algebra with generators E , i	 I, and with quantum Serre relationsi
 as defining relations. It is proved by Lusztig L, Theorem 33.1.3 that there
Ž . is a unique   -algebra isomorphism U  f sending E to  , i	 I,i i
Ž . Ž .where f is the Lusztig algebra associated with I,  over   . This means
that f
 fI, where I is exactly the two-sided ideal generated by the
elements  for i j in I,i j
1 at i j 1a t ti j 
 1    , i j	 I , 4.10Ž . Ž .Ýi j i j it ii20t1ai j
i  jwhere a 
 2 .i j i  i
Ž .Let C I,  be Ringel’s twisted generic composition algebra of type
Ž .  I,  ; see R2, R4 for details. The famous RingelGreen isomorphism
C I ,   fUŽ .
Ž . Ž . permits us to define , and s on C I,  and U via f.
Summarize the discussions above as follows
Ž . Ž .THEOREM 4.11 RingelGreen . Let I,  be a Cartain datum. Then
Ž .  Ž . Ž Ž . . Ž Ž . .1 U , f, C I,  	 L   ,  , I,  , and there is a unique   ,  ,  -
Hopf algebra isomorphism
U fC I , Ž .
sending generators to generators.
Ž .  Ž .2 Let H denote any one of U , f, and C I,  , and let s denote the
Ž .corresponding antipode. Then s: HH gies an  I-graded,   -algebra 0
anti-isomorphism, where 
 , and the multiplication m of H is gien by 
Ž .Ringel’s rule 2.1 in 2.3.
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5. EXAMPLES
For the general representation theory of hereditary algebras we refer
 the reader to ARS, R1 .
  'Let k be a finite field with k 
 q. To be simple, set  
 q . For the
Ž  .calculations below, we need the following facts see, e.g., Z1, Z2 .
LEMMA 5.1. Let  be a finite dimensional hereditary k-algebra. Then
Ž .1 If L
MN with M and N haing no direct summands in
common, then
a 
 a a qdim k HomŽ M , N .dim k HomŽ N , M . .L M N
Ž . Ž . L L2 Assume that Hom N, M 
 0. If g  0, then g 
 1.k M , N M , N
Ž .3 We hae
aMNMNg 
 .M , N dim Hom Ž M , N .k Aa a qM N
In particular, if M and N hae no direct summands in common, then
g MN 
 qdim k HomŽ N , M1. .M , N
5.2. Let Q be the quiver with two vertices denoted by 1 and 2, and n
arrows from 1 to 2, and let 
 kQ, the path algebra of Q. Then
² Ž . Ž .: ² Ž . Ž .: Ž n . Ž .S 1 , S 2 
 0, S 2 , S 1 
n. We have q  1  q 1 indecom-
Ž . nposable modules with dimension vector 1, 1 , say, N , . . . , N .1 Žq 1.Žq1.
 nThen a 
 q 1. Set r 
Ý N . Then we haveN 1 1 i Žq 1.Žq1. ii
S 1 S 2 
 S 1  S 2 ,Ž . Ž . Ž . Ž .
n nS 2 S 1 
 S 1  S 2  r .Ž . Ž . Ž . Ž . 1
Ž .By the formula 3.4 in Section 3 we have
 S 1  S 2 
 S 1  S 2  1 1 S 1  S 2Ž . Ž . Ž . Ž . Ž . Ž .Ž .
n S 1  S 2  S 2  S 1 ,Ž . Ž . Ž . Ž .
n      N 
 N  1 1 N  q 1 S 2  S 1 ,Ž . Ž . Ž .Ž .i i i
n n r 
 r  1 1 r  q  1 S 2  S 1 .Ž . Ž . Ž . Ž .1 1 1
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By Lemma 3.3 we have
s S 1  S 2 
 S 1  S 2Ž . Ž . Ž . Ž .Ž .
2 n 2 n   1 S 1  S 2  rŽ . Ž . Ž . 1
2 n 2 n
 S 1  S 2  r ,Ž . Ž . 1
2 n 2 n   s N 
 N  q 1 S 1  S 2  q 1 r .Ž . Ž . Ž . Ž .Ž .i i 1
Thus,
2 n 2 n ns r 
 r  q  1 S 1  S 2 .Ž . Ž . Ž . Ž .1 1
This verifies
s S 1 S 2 
 s S 1  S 2Ž . Ž . Ž . Ž .Ž . Ž .
2 n 2 n
 S 1  S 2  rŽ . Ž . 1

 S 2  S 1 ,Ž . Ž .
n ns S 2 S 1 
 s S 1  S 2  s r 
 S 1  S 2Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .1
n
 S 1 S 2 
 S 1  S 2 ,Ž . Ž . Ž . Ž .
and
q2n
   s S 1  S 2 , N 
 S 1  S 2 , s N 
 .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .i i q 1
It follows that
q n  1
s S 1  S 2 , r 
 S 1  S 2 , s r 
 .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .1 1 2 n2q 1 qŽ .
    Ž n . Ž .Also, N  N , 2 i q  1  q 1 , is a basis of the subspacei i1
Ž .of H  consisting of -primitive elements.Ž1, 1.
5.3. Let  be a finite dimensional hereditary algebra of tame type, and
Ž .let E be a quasi-simple regular module. Then we have
   s E  E 	C  .Ž .Ž .
In fact, let 0M EN 0 be an exact sequence with M 0N.
Since E is quasi-simple, it follows that M must be preprojective and N
must be preinjective, and hence
          E 
 1 E  E  1 c I  P ,Ž . Ž .Ý P , I
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Ž .where P are preprojective, I is preinjective, and c 	  . Thus, byP , I
Ž . Ž .   Ž  Ž .. Ž .m id s 
 e , we have s E  E 
Ýc I s P 	 C  ,P , I
  Ž . Ž .  where we have used the fact that I , s P 	C  ; see Z2, Z3 .
APPENDIX
Ž . Ž .Let A
 A, m, e,  ,  be a K, c, I,  -bialgebra, with  not necessar-
ily symmetric. Define for each x	  I a symbol K , and let T be thex
 4K-vector space with basis K  x	  I . Make T into a K-algebra byx
defining
K K 
 K ; A1Ž .x y xy
i.e., T is the group algebra over K of the additive group  I.
Let TA be the K-algebra generated by the algebra A and the symbols
Ž .K , with defining relations A1 andx
aK 
 c Ž x , a .K a A2Ž .x x
Ž . Ž  Ž .for all x	  I, a	 A a homogeneous cf. L, p. 19, 3.1.1 b ; X, p. 122,
Ž . Ž .4.5 c . Then TA is  I-graded with TA 
 TA .0 x x
Next we define a comultiplication : TA TA TA in such a way that
 is a K-algebra map, where TA TA is the K-algebra by the usual rule,
Ž .Ž .i.e., u  u   
 u   u  , for all u , u ,  ,  	 TA. For this1 2 1 2 1 1 2 2 1 2 1 2
purpose we set
 K 
 K  K , for all x	  I , A3Ž . Ž .x x x
and
 a 
 a K  a A4Ž . Ž .Ý 1 a  22
Ž . Ž .for all a	 A, with  a 
Ýa  a a , a homogeneous . To prove that1 2 1 2
these definitions are well defined, we must show that they respect the
relations which define TA. Thus we must check that
 K  K 
  K for all x , y	  I , A5Ž . Ž .Ž . Ž .x y xy
 a  b 
  ab for all a, b	 A , A6Ž . Ž . Ž . Ž .
and
 a  K 
 c Ž x , a . K  a , A7Ž . Ž . Ž . Ž . Ž .x x
for all x	  I and all homogeneous a	 A.
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Ž . Ž . Ž .Equations A5 and A7 are straightforward. To check A6 , we remem-
ber that
 ab 
  a  b 
 cŽ a2  , b1 .a b  a b .Ž . Ž . Ž . Ý 1 1 2 2
Ž . Ž .Therefore by A4 and A2 we have
 ab 
 cŽ a2  ,  b1 .a b K K  a bŽ . Ý 1 1 a  b  2 22 2

 a K b K  a bÝ 1  a  1 b  2 22 2

 a K  a b K  bÝ ÝŽ . Ž .1  a  2 1 b  22 2

  a  b .Ž . Ž .
To prove  is coassociative, it is enough to show that
id   u 
  id  u A8Ž . Ž . Ž . Ž . Ž .
holds for all u
 K and all u
 a	 A. The verifications are straightfor-x
ward.
Finally we extend the counit  : A K to a K-algebra map  : TA K
Ž . Ž .by setting  K a 
  a for all x	  I, a	 A. One verifies that  , sox
Ž Ž . Ž ..defined, is multiplicative use A1 and A2 , and that it is a counit for .
Ž .We have now proved part i of the following
Ž . Ž .THEOREM A. Let A
 A, m, e,  ,  be a K, c, I,  -bialgebra,  not
necessarily symmetric. Define TA as an  I-graded space, with multiplication,0
comultiplication, and counit as aboe. Then
Ž .i TA is a K-bialgebra in the usual sense, and
Ž . ii TA is a K-Hopf algebra in the usual sense, with antipode s :
TA TA gien by
s K 
 K , for all x	  I , A9Ž . Ž .x x
and
s a 
 K s a , for all homogeneous a	 A , A10Ž . Ž . Ž . a 
where s is the antipode of A.
Ž .Remark. a Notice that TA is an  I-graded K-Hopf algebra, but with0
Ž . Ž . ŽTA 
 T ; therefore TA is not a K, c, I, 0 -Hopf algebra this would0
Ž . .require TA 
 K .0
Ž . b Since the antipode s of A is invertible, s is also invertible with
1Ž . 1Ž . 1Ž .s K 
 K and s a 
 K s a .x x a 
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Ž . Ž . Ž .Proof of Theorem A, part ii . We first show that A9 and A10 can be
uniquely extended to an anti-homomorphism s: TA TA. For this, we
must verify
s K s K 
 s K for all x , y	  I , A11Ž . Ž .Ž . Ž .x y xy
s a s b 
 s ba for all a, b	 A , A12Ž . Ž . Ž . Ž .
and
s K s a 
 c Ž x , a .s a s K A13Ž . Ž . Ž . Ž . Ž .x x
Ž . Ž .for all x	  I and all homogeneous a	 A. Both A11 and A13 can be
Ž . Ž .easily checked. For A12 , we use Theorem 2.10 iii , which tells us that
Ž . Ž . Ž . Ž .Ts ba 
 s a  s b , where  is the product in A . So s ba 

 Ž b  ,  a . Ž . Ž .c s a s b . Therefore,
s a s b 
 K s a K s b 
 c Ž b  , a .K s a s bŽ . Ž . Ž . Ž . Ž . Ž . a    b   a   b 

 K s ba 
 s ba .Ž . Ž . b a 
Ž . Ž . Ž . Ž  . Ž .It remains to show that M id s  u 
 e u 
M s  id  u , for
Ž . Ž .all u
 K x	  I and all u
 a	 A a homogeneous , where Mx
denotes the multiplication map of TA. For u
 K this is trivial. If u
 ax
we have
M id s  a 
 a K s a 
 a K K s a 
 a s aŽ . Ž . Ž . Ž . Ž .Ý Ý Ý1 a  2 1 a    a  2 1 22 2 2

  a .Ž .
On the other hand we get
M s id  a 
 s a K a 
 s K s a aŽ . Ž . Ž .Ž . Ž .Ý Ý1 a  2 a  1 22 2

 K K s a a 
 K s a a 
 K  a .Ž . Ž . Ž .Ý Ý a    a  1 2  a  1 2  a 2 1
Ž . Ž .If a	 A , x 0, this is zero, which equals  a . If a	 A , it is K  a 
x 0 0
Ž . a .
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